It is known that the short distance QCD contribution to the mass difference of pions is quadratic on the quark masses, and irrelevant with respect to the long distance part. It is also considered in the literature that its calculation contains infinities, which should be absorbed by the quark mass renormalization. Following a prescription by Craigie, Narison and Riazuddin, of a renormalization group improved perturbation theory to deal with the electromagnetic mass shift problem in QCD, we show that the short distance QCD contribution to the electroweak pion mass difference (with m u = m d = 0) is finite and, of course, its value is negligible compared to other contributions.
is important for the kaon mass difference (see, for instance, Ref. [2] ), we note the comment that this calculation gives an infinite result, which must be renormalized by a quark mass counterterm. Actually, it is generally agreed that the short distance QCD part of the pion mass difference is small, and as far as we know we cannot find in the literature a precise numerical evaluation of its finite part. It seems also that in the most recent papers about mass differences, the weak interaction contribution has not been included and, although small, it is as important as the electromagnetic one when computing the high energy part of the mass splitting, because it modifies the convergence of the calculation.
It is the purpose of this note to show, according to a renormalization group improved perturbation theory prescription by Craigie, Narison and Riazuddin [3] to deal with the electromagnetic mass shift in QCD, that the short distance QCD contribution to the "electroweak" pion mass difference away from the chiral limit is "finite", contrarily to what is assumed in the literature and to calculate its value, which is indeed quite small even com-pared with the uncertainty in the long distance contribution.
It is opportune to consider first why the electromagnetic mass difference of hadrons (in particular, the proton-neutron mass difference) is supposed to have a divergence, and how the authors of Ref. [3] solved an apparent puzzle on this subject. Afterwards, considering the prescription of Ref. [3] , the calculation of the electroweak mass difference of pions follows straightforwardly. The argument that the electromagnetic proton-neutron mass difference is divergent is established using the Cottingham formula for the mass difference [4] 
where 
where Q 2 0 is a cut-off above which we can use OPE and perturbation theory, and
where m f (Q 2 ) is the running mass, α s (Q 2 ) is the strong running coupling constant, and γ = 12/(33 − 2n f ), where n f is the number of flavors. Eq. (2) is finite as long as n f ≥ 11!
The explanation of these conflicting results was presented in Ref. [3] .
The authors of Ref. [3] noted that the results of Eq. (1) and Eq. (2) are different because they depend on the order of integration of the strong and electromagnetic corrections. It is obvious that the result should not depend on which interaction is considered first, and
Craigie, Narison and Riazuddin proposed an unique prescription that renders the mass shift calculation independent of the order of integration, as it must be! The technique named as renormalization group improved perturbation theory imply in the use of the running quark mass in the calculation [3] . It was observed that there is nothing special about the finite result of Eq.(2) for n f > 11, except that a subset of diagrams in the renormalization group improved theory are finite, and when n f < 11 the regularization scheme of Ref. [3] for the mass shift gives the analytic continuation of the finite calculation! We will not repeat all the details of Ref. [3] , and in the following we simply use their prescription. At this point it is almost trivial to foresee our result: the pion mass difference would diverge similarly to the proton-neutron mass difference. However, the QCD contribution to the first one is quadratic in the running quark masses instead of the linear dependence in the proton-neutron mass difference. Therefore, the integral of the mass shift has a faster convergence and is finite for
To calculate the short distance QCD contribution to the electroweak pion mass difference we follow closely the procedure of Ref. [6] . We start with the propagator ψ (i) (q 2 ) of the electroweak covariant divergences of the hadronic currents A µ (i) (where i = 1 + ı2 (3) stands for the charged (neutral) axial-vector pion current):
which, by PCAC, may also be written as
Developing Eq.(4), and equalizing it to Eq.(5) at q = 0, we obtain (see Ref.
[6])
where D V (A) are the two-point functions of the vector and axial currents, which can be decomposed as
Eq.(6) contains only the leading contributions to the electroweak pion mass difference. We neglected a term originated from the difference of quark condensates (m u − m d ) ūu −dd , since the condensates cancel out at leading order. We also neglected a large part of the weak interaction contribution, which disappear in the limit m u = m d [6] . This simplifying limit is assumed throughout our calculation. Finally, the scalar boson terms have also been dropped out. All these contributions to the short distance pion mass difference will be even smaller than the one we are considering. Inserting Eq. (7) into Eq. (6) and working in the Landau gauge we arrive at
To evaluate the electroweak mass difference of pions we separate the integral of Eq. (8) into two pieces. From 0 to Q Das et al. [7] . All the details of the calculation up to now can be found in Ref. [6] . The remaining part is the short distance contribution, where the Π ′ s can be calculated through perturbative QCD, and is the one in which we are interested. From the results of Ref. [8] we can determine the QCD prediction for the difference of the two-point functions of Eq.(8), which (at dominant order in the quark mass) is
where m u and m d are the u and d quark masses. Here we differ from Ref. [6] and consider the prescription of Craigie, Narison and Riazuddin [3] , introducing the running and not the bare masses in the calculation of Eq. (8) . We obtain the following integral for the short distance contribution to the mass difference
In the above expression, if we define ∆ SD ≡ (m π + − m π 0 ) SD , take m π + + m π 0 ∼ 2m π , go to the Euclidean space and, as discussed previously, assume
where α is the electromagnetic coupling constant. Note that the integral of Eq.(11) is similar to the ones discussed in Ref. [3] , the integrand is proportional to ln −2γ (Q 2 )/Q 2 , and ∆ SD is finite as long as 2γ > 1, or n f ≥ 5! The fact that the two-point functions difference in Eq. (9) cancel out at zeroth and first order in the quark masses is fundamental for this convergence.
The calculation of the integral in Eq.(11) is straightforward [3] , and it is necessary to verify that it does lead to a negligible contribution. Its evaluation gives the following result
Assuming m 0f ∼ 10 MeV , and Q 2 0 ∼ 1 GeV 2 as a good scale above which we can apply perturbative QCD, we obtain ∆ SD ≈ −0.02 MeV which is a value smaller than the uncertainty present in the long distance contribution to the pion mass difference, and perfectly negligible. Unfortunately the short distance behavior of the mass difference (∆m π ) turned out to be highly dependent on the cut-off Q can expect that with a better knowledge of the transition between the nonperturbative and perturbative regions this abrupt behavior will be softened.
In conclusion, we have computed the short distance QCD contribution to the electroweak pion mass difference out of the chiral limit (assuming m u = m d ), following a prescription of Craigie, Narison and Riazuddin. We have shown that this mass difference is finite and, as expected, is totally negligible compared to the long distance contribution. Although the numerical result just serves to corroborate how negligible it is, we have not seen the arguments of Ref. [3] applied to the pion mass difference before. Moreover, it is important to stress the effect of the remaining standard model interactions when discussing the high energy part of these mass differences, because the convergence of the result is affected by these interactions.
